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Abstract: In the present work, rectangular fins with constant base temperature, non-symmetric heat
transfer coefficients and temperature-dependent thermal conductivity have been considered. In order to
rransform non-linear two-dimensional heat diffusion equation into a linear equation, the Kirchhoff
transformation has been used. Resulting linear partial differantial equation has been solved analyticaiiy
by using the separation of variables method. The optimum geometry which maximizes the heat transfer
rate has been found employing NCONF routine in the IMSL, Library. -
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SIL PARAMETRELERI SICAKLIKLA DEGISEN DIKDORTGEN
KESITLI DUZ BIR KANADIN OPTIMUM TASARIMI

Ozet: Bu calismada, dip sicakligi sabit olan, simetrik olmayan is1 taginim katsayilarina sahip ve st
iletim katsayis: sicaklikla degisen dikddrtgen kesitli bir kanat gdz tniine almmugtir. Dogrusal olmayan
iki boyutlu 1st yaymm denklemini dogrusal bir denkleme déniistirmek igin, Kirchhoff donfiglimit
kullanilmistir. Elde edilen dogrusal kismi diferansiyel denklem, degiskenterin ayrimi yontemi ile
analitik olarak ¢dziilmiistiir, Kanattan ¢evreye olan 1s1 gegisini maksimum yapan optimum kanat
geometrisi, dogrusal olmayan optimizasyon problemini ¢6zen IMSL NCONF FORTRAN kodu
kuHanilarak bulunmustur. : SRR B o ' o -
Anahtar Kelimeler: Dikdsitgen kesitli diz kanat, Genigletilmis ylizeyler, Optimizasyon..

NOMENCLATURE q . .. dimensionless heat-transfer rate . -
Ts. ' reference temperature (K)
a finlength (m) - Te- base temperature (K) « .
b fin thickness (m) . § . T. ambient fluid temperature (K)
Bi Biot number ' : U new-dependent-variable in Eq. 4
h heat transter coefficient {W/(m*K)) " horizontal coordinate {m)_
ho a coefficient in Eq. 8 (W/(m'K)] X . eigenfunction in §-direction - -
k thermal conductivity [W/(mK)] y vertical coordinate (m)
Ko thermal conductivity at reference - oy eigerifunction in 1-direction
temperature [W/(miK)} Greek letters - -
N norms for y-direction s e : Airaction -
Q heat transfer rate for unit depth _ g‘“ﬁ _ Eﬁé%ie;‘ggqe forn dlre.ctmnn
(W/m) R i N
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dimensionless coordinate

£
e

dimensioniess coordinate
a constant defined in Eq. 6
dimensionless temperatare

Subscripts and Superscripts

1,2 surfaces of the fin

3 tip of the fin

(L) lower

(1) upper

# optimum

INTRODUCTION

Finned surfaces have been in use for a long -

period as a heat dissipation mechanism. An
extensive review is seen on this topic (Kern and
Krause, 1972), Technology has led to a demand for
high-performance, light-weight and compact heat
transfer components. In order to accommodate the
" demand, finned surfaces are used to increase the
heat transfer rate between a primary surface and the
surrounding fluid in heat exchanging devices. Thus,
optimization of the design of fins is of significant

importance. The optimization of fins is generally =

based on two approaches: one is to minimize the

volume or mass for a given amount of heat"

dissipation and the other is to maximize the heat
dissipation for a given volume or mass (Lau and

Tan, 1973; Mikk, 198(; Ullmann and Kalman,. 5
1989). For purely conductive and convective fins, . . . measured in excess ‘1o :the -ambient ﬂuid
" temperature, T, The geometry of the fin is
shown schematically in Fig. 1. Considering
“steady-state conditions and - -also assuming that

“the” thermal conductivity as ‘'a function of -

the criterion for the optimal problem was first
proposed by Schmidt (1926).

‘Several papers are devoted to finding the -
shape of fins that would minimize the volume for a

given amount of heat dissipation (Yeh and Liaw,

1993; Razani and Zohoor, 1991; Sohrabpour and

Razani, 1993). However, all of these studies
consider negligible heat transfer from the tip,
because their fins have sharp tips. Apparently, the
sharp-tip fin design has the disadvantage that the

resulting profiles are too difficult to manufaciure.

Several other studies conducted to find the
dimensions of a constant thickness straight fin that
would maximize the heat dissipation for a given
volume {Soon and Bar-Cohen, 1981; Li, 1983; Yeh,
1995a). These studies, however, invoked the
assumption of insulated tips, and furthermore, they
used one-dimensional heat transfer approach. It has
been shown that the one-dimensional approach is
convenient, but may be in error for certain physical
conditions (Lae and Tan, 1973, Look and Kang,
1992; Yeh, 1995b; Look and Kang, 1991). With
regard to the applicability of the one dimensional
model for heat conduction in the fins, some
arguments based either on the fin effectiveness
(Bejan, 1993} or on evaluation of the largest

transverse variation of fin temperature (Smder-.__
and Kraus, 1983) are available to demonstrate_'_'.
that the one dimensional assumption is valid only’ :

for -a “transverse Biot number much less than
unity, Bi<<l, a statement usually known as the
‘validity criterion’ (Casarosa and Franco, 2001).
Aziz and Lunardini (1995) concluded that error

:.on.;the “dimensionless “heat flow -between the
pred;ctxons of the one dimensional mode] and the
" correct two dimensional model, for a igngitudinal

rectang_uiar fin, is approximateiy of 1% if Bi=0.1.

In :this  paper, optimization of
rectangular fins ‘with non-symmetric boundary

" conditions and variable thermal conductivity are

considered. Resulting governing equation are
transformed into a linear differential equation by
using ‘the Kirchhoff transformation. The problem
is to maximize the heat-transfer rate for a given
fin volume. The -optimization variable 1s the

... ratio of fin height to fin lenght that will be called -
- the fin- ratio jn .the following sections. It is

assumed that ‘the predominant modes of heat

'transfer are_conduction .and coavect:on and .the
. effeot of radtauon is ignored '

PROBLEM DESCRIPTION

Consider & rectangular fin of a
homogeneous material is attached to a base pIate

.. withi-a -base temperature: of Ty, ~ which

U ltemperature; the radiation’ from the surfaces is

34

““negligible, the heat generation effects are absent,
-and the convection heat transfer coefficients hy,
~“hy and - Ry . are . functions .of . temperature

distribution on the surfaces; the equation . for

steady-state temperature distribution of the fin .

can be written as (Ozisik, 1980),

x=0
X=a
Fig. 1. Geometry of a two-dimensional
rectangular fin




ai[ (T)—J ;[R{T)w}—} (la)
T=T, for x=0 (1b)
k(T)img(T)(ﬁ‘—Tm)_:é for. .xza (10)

oT 1('f)(*i*mfn,:_):o for y=0 (id)
k(T)%%ﬁ-hz(T)(T—Tm)mO for y=b Qe)

The thermal conductivity of the fin material is
assumed to be a linear function of temperature
according e

k(T) = ko[l‘i'Y(T T 2)

wherc ko is thermal conductmty of fm matenal at
reference temperature, Ty, and v is the dimensional
parameter describing. the- variation: of thermal
conductivity. :

Employing. the following _dimensionless
parameters, ' S
O=——2 A=y(T,-T,) g== n=L@

dimensionless governing “equation i§ ‘written ‘as
follows

In order to transform Eq (4) intoa linéar
differantial equation, the Kirchhoff transformation
can be used (Ozisik, 1980). The dimensionless
temperature @ is replaced in ;t by a new vanable
U=U(3) such that T

U(G)) fk(e) X0 )i L (5)
By ke : B T

By.usihg Eq.(5) in Eq.(4) we ob_tai'n':'." B

aZ:U- 82 : . .
U-:o_.-_.- e

é::?.: a,nz
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‘conditions,

Taking the ambient fluid temperature as
reference Eemperéture, Cie,  Ou=0, the
transformation of boundary conditions is carried
out as explained in the Appendix.

The boundary condition given in Eq
{1b) is transformed into the following condition.
U=1+A/2 E=0" (7

The transformation of the other boundary
conditions to lidear boundary conditions of ‘the
third kind using the transformation is possible
only under certain restrictions on the heat
transfer coefficient h(®).as mentioned in the
Appendix. The resiriction becomes the following
expression according to Eq. (A.10).

h=h0(1+%®) (@)

Unknown coefficient hy can be calculated from
known average heat transfer coefficient over the
surface.

Defining  two  new  dimensionless
parameters named Biot number and the fin ratzo
respectively, ag '

hga

Bi= 0% §=2 )
ko S a
three linear boundary conditions are expressed as
. follows.
ouU
—a—g+Bl3G 0 for gﬂl (10)
U B U=0 for  n=0 (1)
an
du : :
"a-;}"'FBIZU =0 - .f()!' 'ﬂmﬁ {12
ANALYTICAL SOLUTION ..

An application of the method of s&paration
of var:ab!es usmg :
U, "ﬁ) = X(ﬁ)Y(ﬂ) ' (13)
and using the three homogeneous boundary

the new . dependent variable is
obtained by :




.__-_U(cz n=3'c, x<ﬁm,§>Y(Bm_,n)

m=]

The e;genfunctmns m Eq (14} are cxprcssed as . .

By +Bxa>e*‘="“ é’+(B e
B+ Bl3>e¥-"m + (ﬁm - B13)8 '

X{Bm,ﬁ)

and

Y(Bmvn) Bm COS{ﬁmﬂ)“PBI] Sm(ﬁmn)

To determme the coeffments Cm in Eq (14) R

we utilize non-homogeneous boundary -condition

given in Eq. (7) and the orthogonality pmperty of ;' S

the eigenfunction for q dlrectton
2 e _ : _ .:(;_6)
[Y{Bm=n’)]2.;d']']’_.:. '. L

O ey <3
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S --_'EI_VOPTIMIZATION PROCEDURE
an

Many engmec—:rmg problems can be

R fmmulated as .a general nonlinear optimization

o problem. The statement of such a problem can be

. written as (Reklaitis et. al, 1983)

L Minimize

(21a)

0z) ze RV
- Subject 1o (@)=0 k=1....K @1b)
'gj("z;)SO i=1..7 (Z1c)
' '-and__i.__-_' o
W< <2 i=1.,N (21d)

- where, fi(z) are equality conslraints, gz} are

" inequality constraints, -and xj( . X

W are the

o ".bounds on variables {z}.

The term in the denommator of Eq (16) is known B

as the norm, whzch can be mtegrated o obtam
N(B, ) =2 ,2“+Blf~) a+_—-,-l2—_-5 +Bi, | (17)
B +Biz |

where the eigenvalues By's are the positive'roéts of

the following tlanscendental equatzon whlch ;s_

known as eigencondition

gm(BiE *Biz}

tan(P ,8) = —
Bm —BiBi, -

(18)

The inverse Kirchhoff Eransformation from U to ) .

becomes

£ {(19)

aE.m) =%L/wzw{§,q) _,1]_ o

The dimensionless heat transfer rate. iz defined by
applying the Fourier's law at the fm base, as
follows

._ T =% -

(20)
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BN
q= J[1+2?LU) -2 BU} dy
¢ §=0

“The fin problem discussed in the present

_fpaper fits the definition’ of the nonlinear
-optimization problems mentioned above. The
“pbjective here is to maximize the dimensionless
““heat-transfer rate g (or minimize —q).
' opt:m;zat;on variable is the fin ratio 8.

The

The dimensionless heat transfer rate, ie.,

the objectwe function, is rewritten as follows

5 (22)

. The optimization procedure uses the
subroutine NCONF of IMSL library {1997). The
routine NCONF is based on the subroutine
NLPQL, a FORTRAN code developed by
Schittkowski (1986). It uses a successive
guadratic programming method to solve the
general nonlinear programmxng problem.

.RESULTS AND DISCUSSION

The present analysis is valid for
rectangular fing with thermally non-symmetric
boundary conditions and temperature-dependent
thermal conductivity. Using this analysis, the
thermal performance of a rectangular fin has
been investigated for variation of Biot numbers.
The eigenvalues necessary for obtaining the heat
transfer rate have been evalvated using an




efficient method given by Haji-Sheikh and Beck
(20000  instead of classical Newton-Raphson
procecure. Thus, an anticipated missing éigenvalue
is avoided. o

g — a0

. -_—*———}\‘““J\.).O - . Bil=0.2"

Bi=0.1

Bi,=0.01

0.0 G.l 0.2 0.3 0.4 0.5
8

Fig. 2. The heat transfer rate as a function of the
fin ratio (Bi,=0.2, Biy=0.0) ..

Table 1. Optimum values in FigZ

A=0.1.

3

B 8 g & - q
001 0079 09598 0.080 0.8907
0.10 0.113 1.0363 0.113. 0.9596
020 0144 11021 0.144 1.0193

b

Fig. 2 illustrates the heat transfer rate as a
function of the fin ratio, 3, and two different values
of A which describes the. variation of the thermal
conductivity. That A equals zero corresponds the
case of the constant thermal conductivity. Because
B; equals zero, this case cotresponds to the
assumption that the convective heat loss from the
fin tip is negligible. The fin ratio decreases as the
cross-sectional area of the fin decreases. This
decrease in the cross-sectional area vyields two

effects to the heat transfer rate. The former, because

of the increasing heat convection surfaces, the heat
transfer rates increases and the latter, the heat
conduction from the fin base decreases. The latter
plays a dominant role for values of the fin‘ratio that
is greater than a certain value. From Fig: 2, it can
be seen that & corresponding the maximum heat
transfer rate’ depends on Biot numbers. According
to this result, the maximum heat transfer rate is
digplaced to the greater fin ratios with increasing
Biot number on the surface 1. Values. of the
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: _Bl_/Bg,‘ fOl“_ )
" parameters, respectively. Increasing Biot number
“at the fin tip, ‘the optimum fin'ratio increases.

optimum fin ratios and heat transfer rates in Fig,
2 have been shown in Table 1.

0.28 -
& e
0.26 k Bi,=0.3
\ Bi,=0.0
0.24
Bi=0.2
0.22
020 b - :

02 04 - 06 08 10
Bi,/Bi,

Fig.3. .Opti_mum fin ratio for constant thermal
parameters (Bi;=0.5)

125 —

120 ¢ Bi,=0.3

115 |
Bi,=0.0

110 }
: - Bi,=0.2
1.05 -

1.00 : e
02 04 06 08 1O
Bi,/Bi,

" Fig.4. Maximum heat transfer rate for constant

thermal parameters, (Bié_:O.S) _

~ Fig. 3 and Fig. 4 :p'resent the ‘optimum fin
ratio and the heat transfer raté as'a function of
the case” of constant thermal

Fig. 5 shows the optimum fin ratio, as a function
of By/B; for thrée different values of Bz and
A=0.1. Fig: 6 shows rhaximum values of the heat

‘transfer raté corresponding to- the optimum fin

ratios which are given in Fig. 5. The heat transfer
coefficients over-the surfaces decrease with the
temperature of * “the fin surfaces for  A>0.

* Therefore the heat transfer rate is less than that of
- the case of constant thermal properties.




0.50
5 Bi,=0.3
045 |
0.40 | Bi,=0.0
0.35 ~Bi;=02
6.30

0.1 0.4 0.7 1.0

“Bi,/Bi, .

Fig.5. Optimum fin ratio for variable thermal
parametets (Bi;=0.5, A=0.1)

1.3
q*
1.2 N
Bi,=0.3

I Bi,~0.0
Bi;=0.2

1.6 ¢

0.9 .

0.1 04 0.7 B, /Bi, 1.0

Fig.6. Maximum heat transfer rate for variable
thermal parameters (Bi;=0.5, A=0.1)

CONCLUSIONS

Two-dimensional thermal analysis and
optimization of rectangular fins with thermally non-
symmetric boundary conditions and temperature-
dependent thermal conductivity .have been
discussed in the present paper. The temperature
distribution and the heat transfer rate have been
obtained analytically. The optimum design of the
rectangular fins has been obtained using NCONF
routine, which uses  successive . quadratic
programming method, in the FORTRAN IMSL
library. Optimum fin ratios and maximum heat
~ transfer rates for various combinations of Biot
numbers have been presented in .this .work. fo
provide an open choice to the designer.

The following concluding remarks can also be
derived:

1. There always exists an optimum fin ratio of a
- rectangular fin which maximizes heat transfer
rate,
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2. The fin ratio of an optimum fin decreases

- ".with ‘increasing heat transfer coefficients

.. over the fin surfaces and at the fin tip. . .

3. The thermal analysis in the present paper
can also be employed to analyze the fins
with variable base temperatures.

4. . Since the total heat transfer rate given in Eq.
{22) is an analytical expression, optimum fin
‘ratio has readily been obtained for different
values of the problem parameters which are
not employed in the present paper.
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APPENDIX

Kirchhoff - Transformat'ibh' of’

as

T.mfi(r,t) on § | (A-1)

The transformation of this boundary conditidh by

the transformation Eq.(5) is also a boundary
condition of the first kind. To illustrate this,
consider the thermal conducuvxty to depend on
temperature in the form o

- "(A.;Z)E :__

k(T = kO(H«?LT) on' §;

Then, the transformat:on Eg. (5) becomes e

U= j(l-:»lT)dT (A3)
T()

'-..Boi’lh&é‘ty
Condition of the First Kind (Ozisik, 1980). .. ... .
Let the temperature at the boundary be pfescribed”“_ R

.

Schlmldt E., Die Warmeubertragung durch Rlppen . : U=f; +“2“fi

| 1<(G>)a—®—+_hi (©)@=f,(r,1) on S,
n;

kg ~—~—+th f; (r,t) of S
----Bn

'k(@)m hm

and the transformation of the boundary condltlon'- :

(A1) gives St
U= (f; —TO)'I"E(ij —Tg} (A.fi») o

If the reference temperature ® is taken as zero,
the transformation equation (A.4) reduces to

A (A5)

Kirchhoff Transformation of Boundary
Cendition of the Third Kind (Ozisik, 1980)

“The bourdary condltlon is of the third kind in the

form

(A.6)

_  The transformation of this boundary
condition to a linear boundary condition of the
third kind, using the transformation Eq. (5), is.

~ possible only under certain ‘restrictions ‘on the

heat 'transfer coefﬁczent h(@) as 111ustrated
below :

Supposs we WISh to transform (A 6) into..
a }mear boundary condition in the variable U as:

U ATy

where ko and hg; are const,ants.

Employing - the chaln rule, the temperature_'

_ gradlent is expressed as

kg oU

k(@) dng

8@ _ a0 BU
Bn BU Bn

A0,

Introducmg Eqs (5) and (A 8) mto (A 7) we.
obtain .

Jk(@ Kot L

A companson of: Eqs (A 6) and (A 9) revealsi
that

() = ho; = Jk@

Thus, when hi(@),_ satlsﬁ'e:_s.‘--: the . restriction
imposed on by (A.10), the nonlinear boundary:
condition (A.6). is: transformed* into " a linear :

boundary conditionin"U- glven by Eq (A 7)-'-
under the transformation Eq (5). :




